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The magnitude and spectral response of second-harmonic generation �SHG� from 0.4 nm single-walled
carbon nanotubes �CNTs� in the channels of AlPO4-5 zeolite is reported. The second harmonics �SH� was
found to be polarized perpendicular to the tube axis and maximized by an excitation polarization at 45° to the
tube axis. A SH resonance peak at 2 eV was observed, which corresponds to the lowest-energy excitonic state
in chiral �4,2� CNTs. The second-order optical susceptibility ��2� of the system was determined to be 10−6 esu,
which agrees with the large ��2� predicted for small diameter CNTs. These experimental results suggest that
SHG can be used to characterize the symmetry and chirality of CNTs.
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I. INTRODUCTION

The nonlinear optics of carbon nanotubes �CNTs� is a
subject of increasing interest. Intensive theoretical1,2 and
experimental3 investigations have shown that CNTs exhibit
large and fast electronic optical nonlinearity because of their
quasi-one-dimensional structure. This suggests the possibil-
ity of applications in optical harmonics generation and ul-
trafast optics and photonics.

Many of the unusual electronic and optical properties of
CNTs are due to their ultrasmall diameter and large curva-
ture. However, these same properties also entail substantial
challenges in characterizing specific CNTs. Direct structural
analysis techniques such as x ray and transmission electron
microscopy must operate near the margin of their sensitivity.
On the other hand, the optical properties of CNTs depend
sensitively on their atomic structure and chirality,1 so their
experimentally measured optical properties can be taken as
indirect, yet convincing evidence of their behavior and used
to verify theoretical predictions.

In particular, nonlinear optical �NLO� processes obey se-
lection rules distinct from those governing linear optical pro-
cesses and thus can provide complementary insights into the
electronic structure of these ultrasmall CNTs. Currently, little
research activity has addressed CNTs’ second-harmonic gen-
erating abilities because the second-order nonlinear suscep-
tibility ��2� vanishes for centrosymmetric materials and race-
mic mixtures. In CNT materials, the optical second
harmonics �SH� can be generated through surface interac-
tions, local imperfections, deformation, or the macroscopic
chirality resulting from the nonracemic assembly of the CNT
structure.4,5 Only those arising from chirality display the
spectral feature characteristic of different CNT species.
Second-harmonic generation �SHG� signals from chiral
CNTs have been experimentally observed in bulk samples
and thin films4,5 in mixtures of CNT topologies and orienta-
tions, demonstrating the second-harmonic generating abili-
ties of CNTs, whereas the anisotropy information in the SHG
process may be lost in these samples. In this paper, SHG in
monosized �0.4 nm� and well-aligned single-walled carbon
nanotubes �SWCNTs� is studied. Unlike earlier SHG experi-
ments, studying SWCNTs in which the SHG was mainly due
to surface anisotropies or local deformations in the

structure,4,5 the SHG signals observed in our experiments
were associated with the CNTs’ chirality and hence to be
compared directly with theoretical calculations1 of ��2� for
chiral carbon nanotubes. The totally parallel alignment of the
SWCNTs in the sample enabled investigation of the SH’s
polarization and its dependence on the excitation polariza-
tions. Furthermore, the magnitude and spectrum of ��2� of the
sample were measured, and it showed an excitation reso-
nance peak at 2.01 eV associated with the �4,2� chiral CNTs.

II. SAMPLES AND SECOND-HARMONIC GENERATION
EXPERIMENTS

The SWCNTs were grown by pyrolysis of tripropylamine
��CH3CH2CH2�3N, TPA� in the channels of the host single
crystalline aluminophosphate AlPO4-5 �AFI� zeolite.6 The
AFI crystals containing SWCNTs were typically of about
50 �m in diameter and about 300 �m long. High-resolution
trasmission electron microscopy and Raman scattering mea-
surements showed that the SWCNTs are 0.4 nm in diameter
and aligned parallel to the AFI zeolite’s crystal axis.6,7 There
are three possible structures in the sample: zigzag �5,0�, arm-
chair �3,3�, and chiral �4,2�. Among them, only chiral �4,2�
tubes are not centrosymmetric and exhibit second-order NLO
behavior. Machón et al.8 compared the calculated optical ab-
sorption under parallel polarized light for such material with
experimental data and estimated the nanotube filling fraction
as 2�10−4 and the concentration of �5,0�, �3,3�, and �4,2� as
0.5:0.4:0.1.

The SHG process is determined by a second-order non-
linear polarization of the form

P�2��2�� = �0��2��− 2�:�,��:E���E*��� . �1�

Because of the one-dimensional chiral symmetry, only two
tensor elements of ��2� may possibly be nonzero for chiral
�4,2� nanotubes: �xyz

�2� and �yzx
�2� �z along the nanotube axis�.1

Furthermore, �xyz
�2� =−�yzx

�2� . As a consequence, the chirality-
related component of P�2��2�� is proportional to9

Pef f
o �2�� � 2�0�xyz

�2� sin � cos ��Ee����2, �2�

where the superscript o �e� denotes the ordinary wave �ex-
traordinary wave� polarized perpendicular �parallel� to the
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principal surface and � is the angle of incidence. Therefore,
considering a strongly focused laser beam with the beam axis
normal to the aligned �4,2� tubes, the total polarization is
proportional to

Pef f
o �2�� � 2�0�xyz

�2� � � sin � cos ��E��,	,
��2d
 ,

�3�

where 	 is the polarization angle of the excitation beam
against the nanotube axis and 
 is the solid angle within the
cone of the laser. The integration boundary of 
 is defined
by the numerical aperture of the focusing objective.

Figure 1 shows the SH radiation from a SWCNT sample
excited by 150 fs light pulses at 800 nm from a Ti:sapphire
regenerative amplifier. The dependence of the SHG signal’s
intensity on the laser energy was measured by varying the
excitation power from 0.4 to 1.8 mW, and the result is plot-
ted in Fig. 1�b� together with a quadratic fit. The quadratic
dependence of SHG intensity on excitation energy indicates
that SHG in the CNTs under investigation is the result of a
second-order nonlinear process.

In order to observe the polarization dependence of SHG
intensity on the excitation laser, the polarization angle 	 of
the laser �as defined in Fig. 1�a�� was changed using a half-
wave plate and the polarization of the SH was tested with an
output polarizer. Figure 2�a� shows the intensity of SHG
from a bare AFI crystal and the CNT sample �with no dis-
crimination to the SHG polarization� when the excitation la-
ser’s polarization angle 	 varied from −90° �transverse ex-
citation� to +90°. SH from a bare AFI crystal was found to be
completely polarized along the crystal axis and maximized
with excitation parallel to the AFI crystal axis. On the con-
trary, the integrated SH radiation from the CNT sample was
at maximum when the polarization of the excitation laser
was at 45° to the nanotube axis, and it decreased monotoni-
cally by over ten times to a minimum when the excitation

polarization was parallel or perpendicular to the tube axis.
This result fitted nicely the profile calculated using Eqs. �3�
as expected �Fig. 2�a��. In the optimal case, where the exci-
tation polarization was at 45° to the tube axis, the integrated
SH radiation followed a cos2 � law �Fig. 2�b��, which is con-
sistent with the one-dimensional symmetry of chiral �4,2�
CNTs, i.e., �xyz

�2� =−�yzx
�2� . This confirms that the SHG from the

SWCNT sample was mainly linearly polarized in the x-y
plane and perpendicular to the tube axis, which agrees with
the theoretical prediction for chiral �4,2� tubes. Hence, the
possibility of defect-induced SHG can be excluded.

For a given CNT chiral topology, the left-handed �L� and
right-handed �R� enantiomers have opposite SHG contribu-
tions as determined by their symmetry properties.4 It follows
that a macroscopic chirality must have existed in the sample,
either from a breaking of the spatial symmetry of the CNTs
or from an imbalance between the two enantiomers. In our
case, there were several mechanisms which may have broken
the spatial symmetry of the sample. AFI crystals contain
aluminum-oxygen-phosphorus pairs pointing in the same di-
rection along the crystal axis, forming a macroscopically pre-
ferred direction.10 Hence, an excess of one type of enanti-
omers may be achieved during the growth process of chiral
CNTs because of this asymmetry. Indeed, molecular mechan-
ics computations11 demonstrate that for some organic mol-
ecules, one helical arrangement is more stable than the other
in the channel of AFI crystal, and this can lead to a long-
range chirality in the whole solid. Observation of large SHG

FIG. 1. �Color online� The SHG signal excited by 150 fs light
psulses at 800 nm. Inset �a�: diagram of the geometry and the po-
larization arrangement in the experimental setup. Inset �b�: the in-
tegrated SHG intensity as a function of the pump laser power and
the quadratic fit.

FIG. 2. �Color online� �a� The integrated SHG intensity from
SWCNT and from AFI zeolite as a function of the excitation polar-
ization angle 	. The curve pointed by an arrow was calculated
using Eqs. �3�. �b� The integrated SHG intensity from SWCNT as a
function of the emission light polarization angle � with the excita-
tion angle 	=45° together with a cos2 � fit.
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signal strongly indicates that there is an imbalance between
the two enantiomers for CNTs grown in the AFI channels.
Moreover, the finite length of CNTs with different configu-
rations of hydrogen terminated dangling bonds at each end7

will break the translational symmetry of the tubes which can
also contributes to SHG, although this should only play a
minor role. In addition, only 100 or AFI channels in the
focused beam may contain �4,2� CNTs from which the SH
signal is coherent. Consequently, the local imbalance be-
tween the two enantiomers will also be reflected in the SH
signal.

III. SPECTRAL RESPONSE OF �(2)

According to the polarization anisotropy discussed above,
resonant SHG from SWCNT samples was measured with
excitation energy tunable from 1.7 to 2.3 eV using the signal
output branch of an optical parametric amplifier.12 In the case
of SHG induced by a focused Gaussian laser beam in a
uniaxial nonlinear crystal with strong linear absorption under
the resonance conditions, the harmonic field outside the crys-
tal is13

E2�2�;x,y,z� = �4i��Pef f�− 2�:�,��
cn2��1 + i� �

�exp�−
1

2
�2l + 2ik1z�

� �
0

l

dz�
exp�− �z� + i�kz��

1 + i�

�exp�−
2��x − ��l − z���2 + y2	

w0
2�1 + i�

� , �4�

where the laser beam is focused at z= f with beam waist w0
and confocal parameter b in the crystal. �=�1−�2 /2, where
�1 and �2 are the absorption coefficients for the fundamental
and the harmonic fields. l is the thickness of the crystal, � is
the double refraction angle, �k is the mismatch wave vector,
and �=2�z�− f� /b. When �k is ignored and � is assumed to
be constant over the frequency range being investigated, the
SHG intensity I�2�� can be written as

I�2��
I2���

� �2
�ef f
�2��− 2�:�,��
2Fabs�����

−1

1

dt
�Fabs����t/2

1 + it2 �2

,

�5�

where Fabs���=exp�−����l−��2��l /2�. Because the ab-
sorption spectrum varied slowly within the energy range due
to the low nanotube concentration in the sample,8 the effi-
ciency of SHG was mainly determined by the 
�ef f

�2�
2 of the
�4,2� tubes. Figure 3 shows the measured intensity of SHG
against the excitation frequency from 1.7 to 2.3 eV. The
solid red line is the computation of SHG efficiency based on
Eq. �5� using the ��2� of chiral �4,2� tubes calculated by Guo
et al.1 and the linear optical absorption data of Li et al.7

A sharp, asymmetric resonance peak elongated toward the
higher energies is observed in the SHG spectrum. The

experimental SHG spectrum agrees with the theoretical
curve very well in the higher-energy region as well as the
peak position at 2.01 eV, but the resonance peak appears to
be much narrower. This sharp feature observed in the reso-
nant SHG spectrum suggests the presence of strongly bound
excitons in the system, which were neglected in the calcu-
lated curve. The calculation of ��2� in Ref. 1 was based on
the independent-particle approximation, where excitonic ef-
fects and local-field corrections were not included. The peak
at 2.0 eV was then suggested to have arisen from the intense
contribution of the fundamental band edge transition
�h��Eg�2.0 eV� in �4,2� tubes. However, it has become
clear that electron-electron interactions play an important
role in CNT systems due to the confinement of the electronic
states.14 For �4,2� tubes, the lowest bright excitonic state
�E11

1u� is calculated to be 2.2 eV above the valence band edge
with a binding energy of 0.9 eV.15 There will be 0.1–0.2 eV
redshift of the transition energy for a relaxed tube structure
compared to the cylindrical, unrelaxed model according to
the calculations of Machón et al.8 Moreover, another
50–60 meV decrease would be expected for CNTs in an AFI
crystal due to the external dielectric screening. Considering
the real situation in the sample, the agreement on the exciton
transition energy between the experimental and calculated
results is satisfactory. The resonant peak at 2.01 eV in the
observed SH excitation spectrum therefore corresponds to
the transition to the lowest optically active exciton state, E11

1u.
Consequently, the high-energy tail of the peak is attributed to
exciton-phonon interaction.16,17 The coupling between the
bright exciton and the vibration of the host matrix can lead to
the localization of the exciton wave function in real space
and the mixture of excitonic states in K space. Part of the
oscillator strength is transferred to the dark excitons that lie
close to the bright exciton at the bottom of the band,
resulting in a high-energy tail and a slight redshift in the
spectrum.

FIG. 3. �Color online� SHG intensity as a function of the exci-
tation laser wavelength and the theoretical curve for chiral �4,2�
tubes. The absorption of fundamentals and second harmonics
through the sample used in the calculation was taken from Ref. 7.
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IV. ESTIMATION OF �(2) MAGNITUDE

To estimate the order of magnitude of the ��2� coefficient
of chiral �4,2� tubes quantitatively, the SHG data were com-
pared with the signal from single-crystal quartz using the
same setup with excitation at 800 nm. The size of the focal
spot was about one-tenth of the thickness of the SWCNT
sample, and the depth of focus was comparable to the
thickness of the sample. The orientation of the single-crystal
quartz was adjusted to optimize the SH signal. By measuring
the ratio of the SH signal from the sample to that from
the quartz, the ��2� value of the CNT sample was
determined to be about 6% of that of the quartz. Taking
into account the chiral �4,2� tubes’ concentration of
2�10−5 �2�10−4�10% � in the sample while the maximum
nanotube concentration in the AFI channels was expected
to be 8%,8 the second-order susceptibility tensor elements
of the AFI-CNT �4,2� sample could be about 240 times
��6% /2�10−5���8% =240 that of the quartz, or
1.8�10−7 esu, assuming that all the AFI channels were com-
pletely filled with �4,2� tubes. Compared with the SHG spec-
trum shown in Fig. 3, the ��2� of AFI-CNT �4,2� sample was
expected to be 2.1�10−6 esu at the resonance �around
2.0 eV�. This is consistent with the first-principles calcula-
tion of ��2�=10−5 esu for �4,2� tubes,1 considering that the
maximum volume of nanotube was only 8% in the zeolite
channels.

V. CONCLUSIONS

In summary, we have studied the polarization dependence
of the second-harmonics generated from monosized and
well-aligned SWCNTs in the channels of AFI zeolite. The
second harmonics from chiral �4,2� tubes is mainly polarized
perpendicular to the tube axis and maximized when the po-
larization of the excitation is at 45° to the tube axis. The
resonance peak was observed at 2 eV in the SHG excitation
spectrum. It was attributed to the intense contribution from
the lowest bright exciton, E11

1u, in �4,2� tubes. The magnitude
of the second-order optical susceptibility coefficient ��2� of
the AFI-CNT �4,2� sample was estimated to be about
2.0�10−6 esu at the resonance, assuming all channels in the
AFI were completely filled with �4,2� tubes. The experimen-
tal results are consistent with the theoretical prediction of
��2� for chiral carbon nanotubes and suggest that SHG can be
used to characterize the symmetry, diameter, and chirality of
CNTs.
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